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Abstract
In [EH99], Erdo˝s and Hall studied the angular distribution of Gaussian integers with a fixed norm. We
generalize their result to the angular distribution of integral ideal numbers with a fixed norm in any quadratic
extension.
1 Introduction
In [EH99], Erdo˝s and Hall studied the angular distribution of Gaussian integers with a fixed norm, which,
geometrically, is the same as studying the distribution of points with integral coordinates on a circle. Even
though the arguments of Gaussian integers with a fixed norm are not uniformly distributed in [0, 2pi), Erdo˝s
and Hall showed that their discrepancy is fairly small.
One can extend their result to other quadratic extensions. Since Z[i] is a principal ideal domain, the
result mentioned previously can be seen as a study of the arguments of the generators of the integral ideals
of a given norm over Z[i]. In a general quadratic extension, the ring of integers might not be a principal
ideal domain. However, in [Hec18, Hec20], Hecke introduced the concept of ideal numbers, based on an idea
from Kummer’s work on cyclotomic fields. Hecke’s idea consists in representing ideals by specific algebraic
numbers. More precisely, to any integral ideal we can associate algebraic numbers which divide any element
of the ideal. These are called integral ideal numbers.
In the case of a principal ideal domain, the possible generators of an ideal and the associated ideal
numbers coincide. Therefore, the result of Erdo˝s and Hall is in fact a study of the argument of integral
ideal numbers of a given norm in Q(i). In this paper, we generalize, using their method, their result to any
quadratic extension.
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2 Generalities
2.1 Ideal numbers
We first recall the basic definitions and properties of ideal numbers. For more details, see, for example,
[Hec18, Hec20].
Let K be an arbitrary number field with class number h, let OK be the ring of algebraic integers of K
and let U be the set of units of OK. In what follows, we consider ideals (integral of fractional) over OK. It is
well known that the classes of ideals over OK form a finite abelian group of order h, called the class group.
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If h > 1, the class group has a basis, say the classes B1, . . . , Bk, with order c1, . . . , ck. In each class
Bi, we choose one ideal bi. By definition of a basis, every ideal is equivalent to a unique product b
m1
1 . . . b
mk
k
with 0 ≤ mi < ci. Therefore, for any ideal a, there exists c ∈ K, such that
a = cbm11 . . . b
mk
k .
Now, bcii = [βi] for each 1 ≤ i ≤ k, with βi ∈ OK. Define ωi = ci
√
βi where we fix some choice of ci-th root of
βi. Define
α = cωm11 . . . ω
mk
k .
α is called an ideal number associated to the ideal a.
If h = 1, any ideal is principal. If a = (a) is an ideal, the set of ideal numbers associated to a is de-
fined as the set of |U| elements of the form ua, with u a unit of OK.
One can easily extend the multiplication from the set of ideals to the set of ideal numbers. Notice that the
map from the set of ideal numbers to the set of ideals given by
cωm11 . . . ω
mk
k 7−→ a = cbm11 . . . bmkk
is a surjective homomorphism with kernel U , and is therefore |U|-to-1.
Ideal numbers split into h different classes, corresponding to the ideal classes. One can also easily prove that
the set of ideal numbers associated to a is the set of complex conjugates of the ideal numbers associated to a.
An ideal number α is said to be integral if α is an algebraic integer, i.e. if and only if the corresponding ideal
is an integral ideal. The norm on an integral ideal number α is defined as the norm of the corresponding
ideal. An integral ideal number α is said to be a prime ideal number if the corresponding ideal is a prime ideal.
Notice that the set of integral ideal numbers inherits a property of factorization in prime ideal num-
bers from the corresponding property on integral ideals. This factorization is not unique, since each prime
ideal number can be chosen up to a unit. However, if we impose the prime ideal numbers appearing in the
prime factorization to have argument in [0, 2pi|U| ), the factorization becomes unique.
2.2 Argument of an integral ideal number in a quadratic extension
Let d > 0 such that −d is a fundamental discriminant. Let Od be the ring of integers of K = Q(i
√
d), h be
the class number and U be the set of units. We recall that
(1) U = {uk} with

u = i and 0 ≤ k ≤ 3 if d = 1,
u = ei
pi
3 and 0 ≤ k ≤ 5 if d = 3,
u = −1 and 0 ≤ k ≤ 1 else .
Let n be an integer. Write
n =
∏
(−d
p
)
=1
pαp
∏
(−d
q
)
=0
qβq
∏
(−dr )=−1
rγr
where
(−d
.
)
denotes the Kronecker symbol. It is classical that
[p] = PP with P a prime ideal such that P 6= P if
(−d
p
)
= 1 ,
[q] = Q2 with Q a prime ideal (we have Q = Q) if
(−d
q
)
= 0 ,
[r] is a prime ideal if
(−d
r
)
= −1 .
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We can easily deduce that, for n to be the norm of an ideal over Od, we need to have γr even. We write
γr = 2γ
′
r .
The prime ideal numbers corresponding to P are the conjugates of those corresponding to P. There-
fore, amongst the prime ideal numbers corresponding to P and P, there is exactly one with argument in
[0, pi|U| ). We denote it by pip and denote by φp its argument.
Write ηq for the prime ideal number corresponding to Q with argument in [0, pi|U| ). In fact, since Q = Q, ηq
has argument 0. Then, every integral ideal number of norm n is of the form
uk
∏
(−d
p
)
=1
pi
δp
p pip
αp−δp
∏
(−d
q
)
=0
η
βq
q
∏
(−dr )=−1
rγ
′
r
where 0 ≤ k ≤ |U| − 1 and any element of this form is an integral ideal number of norm n.
Definition 1. Let r(n) be the number of integral ideal numbers of norm n. We denote G the set of integers
n with r(n) > 0.
Remark 1 : From the previous observations, r(n) > 0 if and only if n is of the form
n =
∏
(−d
p
)
=1
pαp
∏
(−d
q
)
=0
qβq
∏
(−dr )=−1
r2γ
′
r
and, in this case,
r(n) = |U|
∑
δp
1 = |U|
∏
(−d
p
)
=1
(αp + 1)
where the sum is over the possible choices of 0 ≤ δp ≤ αp.
Lemma 1. Let n ∈ G, n = ∏(−d
p
)
=1
pαp
∏(−d
q
)
=0
qβq
∏
(−dr )=−1
r2γ
′
r . Let α be an integral ideal number
of norm n, i.e.
α = uk
∏
(−d
p
)
=1
pi
δp
p pip
αp−δp
∏
(−d
q
)
=0
η
βq
q
∏
(−dr )=−1
rγ
′
r
for some 0 ≤ δp ≤ αp and for some 0 ≤ k ≤ |U| − 1. Then,
arg(α) =
∑
(−d
p
)
=1
(2δp − αp)φp + karg(u) mod 2pi .
Reciprocally, any angle of this form is the angle of some integral ideal number of norm n.
In Theorem 4 of [Kub52], Kubilyus states the Prime Ideal Number Theorem in sectors. This result gives
information about the distribution of prime ideal numbers in a given class in angular sectors. We give here a
version of this theorem with a weaker error term, which will be enough for our proof.
Theorem 1 (Kubilyus). Let x > 3 and 0 ≤ θ1 ≤ θ2 ≤ 2pi. Let Π(θ1, θ2, x) be the number of prime ideal
numbers of Q(i
√
d) of norm less than x, in a given class, with argument between θ1 and θ2. Then,
Π(θ1, θ2, x) =
(θ2 − θ1)|U|
2pih
∫ x
2
du
log u
+O
{
x exp
(
−c
√
log x
)}
for some positive constant c.
We need two additional facts about the set G. The first one, due to Bernays [Ber12], is an asymptotic for
the cardinality of the elements in G less than x, while the second one gives us information about the number
of prime divisors of the integers in G.
Lemma 2. There exists a constant κd, depending only on d, such that
|G ∩ [0, x]| = κd x√
log x
+O
(
x
log3/4 x
)
.
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Lemma 3. Let ω(n) be the number of prime divisors of n. Then, all but o
(
x√
log x
)
integers less than x in
G satisfy ω(n) >
(
1
2
− ε) log log x.
Proof. On can show, using the asymptotic of Lemma 2, that∑
n∈G
n≤x
ω(n) = κd
x√
log x
(
1
2
log log x+O(1)
)
,
∑
n∈G
n≤x
ω(n)2 = κd
x√
log x
(
1
4
(log log x)2 +O(log log x)
)
.
This implies that ∑
n∈G
n≤x
(ω(n)− 1
2
log log x)2 = O
(
x log log x√
log x
)
.
This suffices to prove the result.
3 The distribution of ideal numbers with a given norm
Definition 2. Let Φn be the set of arguments of integral ideal numbers of norm n. The discrepancy ∆(n) of
the set Φn is
∆(n) = max
{
|card*{φ ∈ Φn, φ ∈ [θ1, θ2] mod 2pi} − (θ2 − θ1)
2pi
r(n)|, 0 ≤ θ1 < θ2 ≤ 2pi
}
where the asterisk denotes that if the angle is α or β, it counts for 1
2
.
Using the method of Erdo˝s and Hall, we will prove the following upper bound for the discrepancy:
Theorem 2. Let ε > 0. Then, for all the integers less than x in G, with at most o (|G ∩ [0, x]|) exceptions,
we have
∆(n) ≤ r(n)
(log x)
1
2
log(pi2 )−ε
.
Remark 2 : The trivial upper bound on ∆(n) is r(n). Theorem 2 improves it by a power of log. This is still
a substantially better bound, since r(n) is itself a power of log. More precisely, for any n ∈ G, r(n) ≤ d(n),
the divisor function. Let Ω(n) be the number of prime divisors of n counted with multiplicity. Similarly
to Lemma 3, one can prove that Ω(n) < ( 1
2
+ ε) log log x for almost all n ∈ G ∩ [0, x]. This implies that
r(n) ≤ d(n) ≤ 2Ω(n) ≤ (log x)( 12+ε) log 2 for almost all the integers n in G less than x.
To obtain the desired bound for ∆(n), for a fixed positive real number y, we study the average of ∆(n)
r(n)
yω(n)
over the set G and show that it is fairly small. We need to use the classical upper bound for the discrepancy,
uniform in T , due to Erdo˝s and Tura´n [ET48a, ET48b],
∆(n) r(n)
T
+
∑
t≤T
|Zt(n)|
t
where Zt(n) =
∑
φ∈Φn
eitφ
Remark 3 :
Zt(n) =
∑
φ∈Φn
eitφ =
|U|−1∑
k=0
utk
∑
δp
eit
∑
(2δp−αp)φp
where the sum is over the possible choices of 0 ≤ δp ≤ αp. Therefore,
Zt(n) =
{
|U|∑δp eit∑(2δp−αp)φp if t ≡ 0 mod |U|,
0 if t 6≡ 0 mod |U|.
Note that |Zt(n)||U| is multiplicative. Since
r(n)
|U| is also multiplicative,
|Zt(n)|
r(n)
is a multiplicative function on G.
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Using the previous upper bound,
∑
n∈G
n≤x
∆(n)
r(n)
yω(n)  1
T
∑
n≤x
yω(n) +
∑
t≤T
t≡0 mod |U|
1
t
∑
n∈G
n≤x
|Zt(n)|
r(n)
yω(n) .
Both sums will be estimated using the following inequality, proven by Ka´tai [Ka´t76]:
Lemma 4. Let f(n) be a non-negative multiplicative function, with f(pk) ≤ Ck for every prime power pk.
Then, ∑
n≤x
f(n) ≤ c x
log x
exp
∑
p≤x
f(p)
p

where the constant c only depends on the constant C.
This inequality can be easily applied to the two sums above. For pk ∈ G, from Remark 1 and Remark 3,
we have, for t ≡ 0 mod |U|,
|Zt(pk)|
r(pk)
yω(p
k) ≤ y and |Zt(p)|
r(p)
yω(p) =

y| cos(tφp)| if
(
− d
p
)
= 1 ,
y if
(
− d
p
)
= 0 ,
0 if
(
− d
p
)
= 1 .
Therefore, applying Lemma 4 to the first and second sum,
∑
n∈G
n≤x
∆(n)
r(n)
yω(n)  1
T
x
log x
exp
y ∑
p≤x(
− d
p
)
=1
1
p
+ xlog x ∑
t≤T
t≡0 mod |U|
1
t
exp
y ∑
p≤x(
− d
p
)
=1
| cos(tφp)|
p

 1
T
x(log x)
y
2
−1 +
x
log x
∑
t≤T
t≡0 mod |U|
1
t
exp
y ∑
p≤x(
− d
p
)
=1
| cos(tφp)|
p
 .
We are now left with estimating ∑
p≤x(
− d
p
)
=1
| cos(tφp)|
p
.
For any p, θp ∈ (0, pi|U| ). We split this interval in intervals Ej of length pit such that, on each of these, cos(tθ)
has a constant sign. More precisely, let
Ej =
[
(2j + 1)pi
2t
,
(2j + 3)pi
2t
)
with 0 ≤ j ≤ t|U| − 2 .
Notice that j is indeed an integer since t ≡ 0 mod |U|. We have, for any real number k,
∑∗
p≤k
| cos(tφp)| =
∑∗
p≤k
φp∈(0, pi2t )
cos(tφp) + (−1)
t
|U|−1
∑∗
p≤k
φp∈[ pi|U|− pi2t , pi|U| )
cos(tφp) +
t
|U|−2∑
j=0
(−1)j+1
∑∗
p≤k
φp∈Ej
cos(tφp)
where the asterisk superscript denotes that the sum is restricted to the primes satisfying
(
− d
p
)
= 1. From
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Theorem 1 (where the equality is multiplied by h, since we do not consider a specific class), we get that∑∗
p≤k
φp∈Ej
cos(tφp) =
∑∗
p≤k
φp∈Ej
∫ (2j+3)pi
2t
φp
t sin(tθ) dθ =
∫
Ej
∑∗
p≤k
(2j+1)pi
2t
<φp≤θ
t sin(tθ) dθ
=
|U|
2pi
∫ k
2
dv
log v
∫
Ej
(
θ − (2j + 1)pi
2t
)
t sin(tθ) dθ +O
(
k exp(−c
√
log k)
)
= (−1)j+1 |U|
pit
∫ k
2
dv
log v
+O
(
k exp(−c
√
log k)
)
.
Estimating the two other sums with a similar method, we can deduce that, for any 2 ≤ ω ≤ x,∑∗
p≤x
| cos(tφp)|
p
≤
∑∗
p≤w
1
p
+
∑∗
w<p≤x
| cos(tφp)|
p
≤ 1
2
log logw +O(1) +
1
pi
log
(
log x
logw
)
+O
(
t exp(−c
√
logw)
)
using Abel’s formula for the second sum. Now, let logw = (c−1 log t)2 (so that the two error terms are equal).
Then, uniformly in t, ∑∗
p≤x
| cos(tφp)|
p
≤ 1
pi
log log x+
(
1− 2
pi
)
log log t+O(1) .
Hence, ∑
n∈G
n≤x
∆(n)
r(n)
yω(n)  x(log x)
y
2
−1
T
+ x(log x)
y
pi
−1(log T )y(1−
2
pi
)+1
 x√
log x
(log log x)
pi
2
taking T = log x and y = pi
2
. Now, from Lemma 3,
yω(n) > y(
1
2
−ε) log log x = (log x)(
1
2
−ε) log y
for all but o
(
x√
log x
)
integers in G. This gives us the desired result.
4 Angle of a integral representation by a quadratic form
In what follows, we call a representation of n by f a solution over the integers of the equation f(x, y) = n.
It is classical that there is an isomorphism between the classes of primitive integral binary quadratic
forms of discriminant −d and the classes of ideals in Od, which associates the ideal [a, −b+i
√
d
2
] to the form
ax2 + bxy + cy2.
In this section, we will use indifferently the same notation for a class of forms or a class of ideals. More
precisely, if f is a reduced primitive binary quadratic form of discriminant −d, we write Cf for the class of
forms equivalent to f and for the corresponding class of ideals over Od. We also denote by C−1f its inverse in
the ideal class group (and C−1f = Cf−1 , where f−1 is called the opposite form).
Definition 3. Let f(x, y) = ax2 + bxy + cy2 be a reduced primitive binary quadratic form of discriminant
−d and let n be an integer represented by f . Let
f(x0, y0) =
N(αx0,y0)
a
= n
where N is the norm in Od, τf = −b+i
√
d
2a
and αx0,y0 = a(x0 − τfy0), be a representation of n by f . We
define the angle of this representation of n by f by
arg(f(x0, y0) = n) = arg(αx0,y0) .
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Remark 4 : Geometrically, the equation f(x, y) = n defines an ellipse. The map (x, y) 7→ (ax + b
2
y,
√
d
2
)
maps the ellipse to a circle of radius
√
n, by completing the squares, from which we can parametrize the
ellipse. The angle of the representation f(x0, y0) = n is the value of this parameter.
For a reduced primitive binary quadratic form of discriminant −d, f(x, y) = ax2 + bxy + cy2 and an
integer n represented by f , there is a |U|-to-one correspondence between the representations of n by f and
the ideals of norm n in Cf . More precisely (see, for example, [Cox89] for more details), let f(x0, y0) = n
be a representation of n by f . For any unit uk of Od, there exists a unique couple (x′0, y′0) such that
ukαx0,y0 = αx′0,y′0 . Then,
f(x′0, y
′
0) =
N(αx′0,y′0)
a
=
N(αx0,y0)
a
= n
is another representation of n by f . We call such a representation a representation equivalent to f(x0, y0) = n.
We can group together to these |U| equivalent representations and we associate to this set of |U| representations
the ideal αx0,y0 [1, τf ].
Remark 5 : The |U| different choices for αx0,y0 differ by units. However, the associated ideal is unique.
Lemma 5. Let I be the ideal associated to a set of |U| representations equivalent to f(x0, y0) = n. Let
bf = a[1, τf ] be the ideal of the least norm in Cf−1 . Then,{
arguments of ideal
numbers associated to I
}
=
{
angles of the |U| representations
equivalent to f(x0, y0) = n
}
− arg(ωbf ) mod 2pi
where ωbf is any ideal number associated to bf .
Proof. We have I = αx0,y0 [1, τf ]. Then,
αx0,y0 [1, τf ]bf = αx0,y0 [1, τf ]a[1, τf ]
= [aαx0,y0 , bαx0,y0 , cαx0,y0 , aαx0,y0τf ]
= [αx0,y0 ]
since the norm of the ideal [αx0,y0 ] is an, the same as αx0,y0 [1, τf ]bf . Therefore, the set of ideal numbers of
Ibf is the set of elements of the form ukαx0,y0 . This proves the result.
Geometrically, representations of n by f are points with integral coordinates on the ellipse f(x, y) = n. From
Lemma 5, we immediately deduce that the angular distribution of such points is the same as the angular
distribution of ideal numbers of norm n in the class Cf .
Suppose that h > 1 (since, if there is just one class, there is nothing more to prove than Theorem 2).
Definition 4. For f a reduced primitive binary quadratic form of discriminant −d and n ∈ G, n represented
by f , let Φfn be the set of arguments of ideal numbers of norm n in Cf and rf (n) the number of ideal numbers
of norm n in Cf . We define the discrepancy of Φfn as
∆f (n) = max
{
|card*{φ ∈ Φfn, φ ∈ [θ1, θ2] mod 2pi} − (θ2 − θ1)rf (n)|, 0 ≤ θ1 < θ2 ≤ 2pi
}
where the asterisk denotes that if the angle is α or β, it counts for 1
2
.
We would like to use the same technique as in the first section, using the bound
∆f (n) rf (n)
T
+
∑
t≤T
|Zft (n)|
t
where Zft (n) =
∑
φ∈Φfn e
itφ.
Unfortunately, the function
|Zft (n)|
rf (n)
might not be multiplicative (and will generally not be). However,
in the (very restrictive) case where there is one class per genus, what we did before allows us to give a bound
on the discrepancy ∆f (n), since it will be equal to ∆(n).
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4.1 One class per genus
We recall that two forms of discriminant −d are in the same genus if they represent the same values in Z/dZ.
Therefore, two forms in the same class will always be in the same genus, and in fact each genus consists of
the same number of classes of forms.
It is known that there is only a finite number of fundamental discriminants −d with one class per genus.
These numbers are
3, 4, 7, 8, 11, 15, 19, 20, 24, 35, 40, 43, 51, 52, 67, 84, 88, 91, 115, 120,123, 132, 148, 163, 168, 187, 195,
228, 232, 235, 267, 280, 312, 340, 372, 403, 408, 420, 427, 435, 483, 520,532, 555, 595, 627, 660, 708, 715,
760, 795, 840, 1012, 1092, 1155, 1320, 1380, 1428, 1435, 1540,1848, 1995, 3003, 3315, 5460 .
It is classical that, if there is only one class per genus, any integer coprime with 2d will be represented by a
unique class of quadratic forms, or, equivalently, there is a unique class of ideals containing an ideal of norm
n, and therefore a unique class of ideal numbers containing an integral ideal number of norm n.
Theorem 3. Suppose that d is such that there is one class per genus. Let Gf be the set of n ∈ G with
rf (n) > 0. Let ε > 0. Then, for all the integers in Gf less than x, with at most o (|Gf ∩ [0, x]|) exceptions,
we have
∆f (n) ≤ rf (n)
(log x)
1
2
log(pi2 )−ε
.
Remark 6 : In [Ber12], Bernays in fact proves a stronger result than the one given in Lemma 2:
|Gf ∩ [0, x]| = κd
h
x√
log x
+O
(
x
log3/4 x
)
.
Proof. We just need to prove that, if rf (n) > 0, we have rf (n) = r(n). Then, we will always have
∆f (n) = ∆(n) if n ∈ Gf , which gives us the desired result. Let n = mk with
m =
∏
(−d
p
)
=1
pαp and k =
∏
(−d
q
)
=0
qβq
∏
(−dr )=−1
r2γ
′
r .
If Cg denotes the class Cf
∏(−d
q
)
=0
C−βqq , where Cq is the class of Q, with [q] = Q2, then rf (n) = rg(m).
If n ∈ Gf , then rg(m) > 0. If (m, 2) = 1, since then (m, 2d) = 1 and there is one class per genus,
rg(m) = r(m) = r(n). Hence, rf (n) = r(n).
If 2|m, then (−d
2
)
= 1, i.e. d ≡ ±1 mod 8. The only case with class number h > 1 is d = 15. In
this case, h = 2. The two reduced forms of discriminant −15 are
f0(x, y) = x
2 + xy + 4y2 and f1(x, y) = 2x
2 + xy + 2y2
and, since h = 2, C−1fi = Cfi for i ∈ {0, 1}. If m ∈ Gfi with m = 2ls, s odd, an ideal I of norm m in Cfi is of
the form
I = [2, 1 + i
√
15
2
]α2 [2,
1− i√15
2
]l−α2J
where J is an ideal of norm s in the class CfiCkf1 . Reciprocally, for any ideal J of norm s in the class CfiClf1
and for every choice of 0 ≤ α2 ≤ l, such an ideal is an ideal of norm m in Cfi .
Therefore, if m = 2ls, s odd, then
rfi(2
lr) = (l + 1)r(s) = r(m) .
8
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